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Let G be a finite group acting as automorphisms on a commutative k-algebra
A, and A€ the subalgebra of G-invariants. An old result of E. Noether, based
on the easy fact that A is integral over A®, is that if A is k-affine then so is
AC. This result can be generalized using [DG] or directly using determinants
as [F-S] to actions of any finite-dimensional cocommutative Hopf algebra H on
a commutative algebra A (kG being an example of such an H). In a recent
paper, it was shown by Zhu [Z] that cocommutativity of H can be replaced by
semisimplicity. Failing this, however, the result might not hold.

The aim of this paper is to prove Noether’s theorem for finite-dimensional
semisimple triangular (H, R), but where A is no longer commutative in the usual
sense, it is quantum commutative. If H is cocommutative, with R =1 ® 1, then
A is quantum commutative if and only if A is commutative in the usual sense.
Our philosophy is that quantum-commutative H-module algebras with respect
to (H, R) share many of the properties of commutative algebras acted upon
by cocommutative H [CW]. The results in this paper give more evidence for
this point of view. In the process we construct a non-commutative determinant
function which yields an analogue of the Cayley—Hamilton theorem for certain
endomorphisms. This determinant function is constructed for a wide class of
Hopf algebras.

Specifically, let (H,( | }) be a cotriangular Hopf algebra over k; then the
category whose objects (V, p) are right H-comodules is a symmetric monoidal
category with a “twist” map ¥ induced from ( | ). That is:

T(v@uw)= Z(wllvl)wo ®vg (where p(v) is written as ) vg @ v1).

This twist map induces an action of the symmetric group on the ith-fold ten-
sor V® which in turn gives rise to an appropriate Grassman algebra. Using
these ideas we define in Definition 2.9 a determinant function which satisfies the
following:

THEOREM 2.10: Let (H,( | )) be a cotriangular Hopf algebra over k. Let A
be a quantum commutative right H-comodule algebra, and V an n-dimensional
right H-comodule so that 5 (va|vi)vp = v, for allv € V. Assume Chark = 0 or
Chark > n. Let S,T € End(A® V) be morphisms in 4 MH. Then

1. det(T) € A°H C Z(A).

2. det(T) is independent of the choice of basis of N (A®V') as a left A-module.

3. det{l) =1.
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4. det(T o §) = det(T) det(S).

Dually, if (H, R) is a triangular Hopf algebra and A and V are the analogous
objects in the category of left H-modules, we construct a determinant function

and prove in:

THEOREM 2.19: Let (H,R) be a triangular Hopf algebra over k. Let A be
a quantum commutative H-module algebra, and V an n-dimensional left H-
module so that u = Y S(R?)R! acts on V as the identity. Assume Chark = 0
or Chark > n. Let S,T € Endaxn(A® V), then:

1. det(T) € A¥ C Z(A).

2. det(T') is independent of the choice of basis of Nj(A®QV) as a left A-module.

3. det(l) = 1.

4. det(S o T) = (det T)(det S).

When H is finite dimensional there is a complete duality between these notions.

In Section 3 we specialize to group gradings. We find in Theorem 3.2 a concrete
form of this determinant for H = kG, G an abelian group with a symmetric
bicharacter . An example of this set-up is G = Z,, x Z, and A = Cyz,y] with
zy = ¢~ lyz, ¢" = 1, the well known quantum plane. We illustrate the theorem
by computing det(T4y), where T4, denotes right multiplication of A by z+y.
As expected by different considerations det(Ty+y) = (2™ + y™)™.

In Section 4 we use Theorem 2.19 to prove the generalization of Noether’s
theorem. We prove the following:

THEOREM 4.7: Let (H, R) be a triangular n-dimensional semisimple Hopf alge-
bra over k, where Chark = 0 or Chark > n. Let A be a quantum commutative
H-module algebra; then:

1. A is integral over AH.

2. Ais a Pl ring.

and

THEOREM 4.8: If (H, R) and A are as in Theorem 4.7 and A is k-afline, then:
1. AH s k-affine.
2. A is a finitely generated left and right A¥ module.
3. A is a left and right Noetherian PI ring.

Some examples of the algebra A to which Theorem 4.8 applies are:
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1. The R-symmetric algebra Sgr(V), where V is any finite-dimensional
module over (H, R), and
2. The quantum plane C, [z, y].

ACKNOWLEDGEMENT: We wish to thank the referee for an outstanding effort
and very helpful comments.

1. Preliminaries

Let H be a Hopf algebra over a field k, with comultiplication A, counit ¢ and
antipode S. We use Sweedler’s [Sw] notation, leaving out parentheses in the
summation notation. Denote by gM the category of left H-modules. If VW ¢
g M then so is V@ W, where the action of H on V®W is defined by: h-(v@w) =
Yhi-v®hy-w,allhe HveV,weW.

An algebra A € yM is an H-module algebra (or, H acts on A) if its multi-
plication is an H-module map; that is, if h- (ab) = Y (hy -a)(he -b) all h € H,
a,b € A. For such A, there exist two associated algebras:

1. The smash product A#H [Sw, p. 55] which is A ® H as a vector space.
Multiplication is defined by (a#h)(b#g) = Y_ a(hy - b)Fthag, all a,b €
A, g,he H

2. The algebra of H-invariants A = {a € A|h-a =¢(h)a, all he H}.

Both A and H are naturally embedded in A#H.

Dually, a right H-comodule is a vector space V with a structure map
pVeVRH, pv) =Zv0®v1, alveV

which is coassociative; that is: (p®Id)op = (Id® A)op. Also (Idy ®e)p = Idy.
A comodule map is a map f: V — W such that py o f = (f ® Id) o py ..

Denote by M¥ the category of right H-comodules. The tensor product of V
and W in M¥ is an H-comodule with structure map:

1) pv @ w) = Zv0®w0®vlwl~

An algebra A € MH is an H-comodule algebra if the multiplication in A is an
H-comodule map; that is: p(ab) =Y agbo ® a1by, all a,b € A.
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Recall that if H is finite-dimensional then H* is a Hopf algebra as well. Denote
by (, ) the evaluation of H* on H. It is well known that if V € M#" then
V € yM by defining
(2) h-v="Y (v1, kv,
alhe H veV.

In recent years there has been great interest in quasi-triangular Hopf
algebras (quantum groups), which are neither commutative nor cocommutative
Hopf algebras. The following definition is due to Drinfeld.

Definition 1.1: A quasitriangular Hopf algebra is a pair (H, R), where H is a
Hopf algebra over k and R = Y_ R' ® R2 € H ® H is invertible, such that the
following holds (r = R):

QT1. S ARY)®R*=3 R'or! @ R*?,

QT2. S R'® A(R?Y) =Y. R @r2 @ R?,

QT3. A®P(h) = RA(R)R™1, all h € H, where A°P(h) = " hy ® hy.

QT4. If R~ = 3" R? ® R! then (H, R) is called a triangular Hopf algebra.

It is a consequence of the above that R™! = 3~ S(R')®R?, and that 5 ¢(R') R?
= " R'%¢(R?) = 1. Of special interest to us is u = Y. S(R?)R'. This element
is invertible and induces S?%; that is S?(h) = uwhu™!, all h € H. When (H, R)
is triangular u is a group-like element [Dr2], and v = 5 R'R?. If H is finite
dimensional and Char k fdim H then [LR] have proved that $? = Id if and only
if H is semisimple (and then it is also cosemisimple). Thus in this context, u is
central if and only if $% = Id if and only if H is semisimple. Moreover, in this
case u? = 1 by [Ra].

We are interested in the dual notion [LT] which is better suited to deal with
infinite dimensional H.

Definition 1.2: A coquasitriangular Hopf algebra is a pair (H, (| )) where H
is a Hopf algebra over k and B = (| ): H ® H — k is a k-linear form (braiding)
which is convolution invertible in Homy(H ® H, k) such that the following hold:

B1. (h|gl) = 3 {hilg){hall).
B2. (hgll) = > (gll)(hll2).
B3. > (hilg1)g2h2 =3 higi{halg2).

B4. If " (hi|g1){g2|h2) = e(g)e(h) then (H, (|)) is called a cotriangular Hopf
algebra.
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When H is finite dimensional then (H, R) is quasitriangular if and only if
(H*,(|)) is coquasitriangular where ( | ) and R are dual notions. This is easily
seen since H ® H is naturally isomorphic to (H* ® H*)*. Specifically, if (H, R)
is quasitriangular, define the braiding form (| ) :

(3) (alb) = (a, R(b,R") alla,be H".

A trivial example of a triangular Hopf algebra is kG, with R = 1 ® 1, which
is semisimple when Chark {|G|. An example of a cotriangular Hopf algebra is
kG where G is abelian with a symmetric bicharacter ( | ). This Hopf algebra
is commutative and cocommutative and it arises in the context of the Lie color
algebras. No example of a (co)semisimple (co)triangular Hopf algebra different
from kG was known until recently when Gelaki constructed in [G] a new fam-
ily of semisimple triangular Hopf algebras which are neither commutative nor
cocommutative, and thus are isomorphic neither to kG nor to kG*.

The following lemma is useful in understanding some of the later notions,

LEMMA 1.3: Let (H, R) be a finite-dimensional triangular Hopf algebra. Define
{|) as in (3); then:

1. {(a,u) = Y (aq|a;), for alla € H*.

2. u is central in H <= Y (az|ai)az = > {(aslaz)a,, alla € H*.

3. Let V.€ MH and consider V € yM asin (2). Thenv €V,

(4) UV = U Z(U2I'U1>'UO =
Proof: 1. Let a € H*, then

(a,u) = Z(a’ R1R2> = Z(GI?RIMG% R2> = Z(G'?'al)’

where the last equality follows from (3).
2. By part (1) it follows that for any h € H:

(a,uh) = Z(al,u)(ag,h) =Z(a2|a1)(a3,h) and
(a,hu) = > (a1, h){aslas).

Hence (2) follows.

3. Let v € V, then u-v = Y (v1,u)vg = 3 {v2|v1)vg, where the last equality
follows from part (1). |
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In the presence of triangularity or cotriangularity, the category gM or MY
respectively is very nice. We define such a category in general.

Let C be a symmetric monoidal category [Mac, p. 180]; that is, C has a tensor
product on its objects satisfying certain associativity conditions (the pentagon
axiom) and a twist map ¥ :

Uxy: X®Y =Y ®X, alXYeCl

This map ¥ satisfies a compatibility condition with the associativity (the hexagon
axiom) and moreover: ¥2 = id.

Following Manin [Ma] one can now define a representation of S, on X®™ by
defining the action of (i,1+ 1) as

(7:7 1‘+1)‘I’(X1® . '®Xi®Xi+1 c ®Xn) = X1® - ’®‘lei,Xi+1 (Xi®Xi+l)®' . ®Xn

where X; = X, all i. Then extend the action to ¢ € S,,, by representing o as a
product of elementary transpositions. Let Z =2, ® - ® z,, € X®™; define

ST(X)={Z2€ X®™o-yT =17, allo € S,,}
and
/\:(X) ={2€ X®™o .y % =sgn(0)z, all o € S}
Let Sg(X) = 220 Sg(X)and Ay(X) = 320 2 (X). One can check that
Se(X) =T(X)/((Id - ¥)(z1 ® z2))
and
A, ) = T+ B)(a1 ©.22)

where T(X) = tensor algebra over X (as in [Ma, p. 71]) and z;, z2 are arbitrary
elements of X.

From now on we assume that the objects V in C are vector spaces over a field
k. Recall that with appropriate characteristic assumption, S§'(V) and Ag (V)
have nice descriptions:

PROPOSITION 1.4: LetC, ¥, Sy and Ay, be as above, and assume the objects V

of C are vector spaces over the field k of characteristic 0 or characteristic p > m,
then

Sg(V)=tm v Ve®™  and /\:(V) =fm v Vem

where tm = 53 o o and fm = 53, cs sgn(o)o.
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Let V € C; the algebra Sg(V) is a basic example of an algebra which is
commutative in the category. Precisely,

Definition 1.5: An algebra A € C with a multiplication p is commutative in the
category C if for a,b€ A

po(ld—¥)a®b) =0.

When ¥ is the usual twist map, then being a commutative algebra in the
category means being a usual commutative algebra.

Now, let us specialize to the case of a Hopf algebra H which is either triangular
or cotriangular. It is well known that mM is a symmetric monoidal category
with the twist map induced by R:

Vp:VeoW — WV
vTQW > ZR2-w®R1-v,

forany VW € gM, v € V,and w € W. Note that cocommutative Hopf algebras
H are trivially triangular, with R =1 ® 1; and then ¥y is the usual twist map.

We shall denote Sy, by Sg and Ay by A . Dually, in M¥ the commutativity
constraint is induced by the braiding B = (|) via:

Up(v@w)= Z(w1|v1)wo ® vo

for any V,W e MH v eV and we W

We shall denote Sy, by Sp and /\‘I'a by Ag.

In [CW] we discussed the commutative algebras in the category p M when
(H, R) is triangular. We termed such algebras “quantum commutative”. Explic-

itly, A is such an algebra if
1. Ais an H-module algebra and
2. ab=3S(R%-b)(R'-a), all a,b € A.

Dually, when (H, (| )) is cotriangular then 4 € M¥ is quantum commutative if:
1. Ais an H-comodule algebra and

2. ab= Z<b1|a1>b0a0, all a,b € A.
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2. U-exterior algebras and a determinant construction

In this section we construct determinant functions via appropriate exterior
algebras. This will be carried out in two situations which are dual when the
Hopf algebra is finite-dimensional.

The main ideas are proved in the first part, the cotriangular case. We choose
to elaborate on such Hopf algebras for they are better suited to deal with infinite-
dimensional H. In the second part of this section we outline the analogous setup
for triangular Hopf algebras. Since the proofs are dual we only briefly sketch

them out.

2.1 THE COTRIANGULAR CASE. Let (H, (| )) be a cotriangular Hopf algebra
and V a right H-comodule. Let V®™ = V ® --- > V, m times, where the
unadorned ® means tensoring over the field k. Let 5,, denote the symmetric
group. As pointed out in the preliminaries there are two natural ways to make
V®™ 4 kS,,-module:

1. Via the usual twist map which ignores H. We call this the usual represen-
tation and denote the action by .

2. Via ¥ which we call the B-representation of £5,,, and denote the action
by - (where B = (|)).

The usual symmetric S(V), or exterior A{V), algebras of V' are constructed via

(1) and are well studied. For example, if V' is n-dimensional then:

AV = N W) -a A
where dim A'(V) = ( 7; >

Using this, one may construct the determinant function and prove the Cayley—
Hamilton theorem.

The aim of this section is to show that under certain conditions, S(V) and A(V)
are isomorphic to their analogues Sg(V') and Ag(V). This will then be used to
construct a determinant function which will yield an analogue of the Cayley-

Hamilton theorem for certain endomorphisms. Assume V is finite dimensional
and let {v!,---,v"} be a basis for V. Let

(5) p(v*) = sz ® Bsi= Z(vi)o ® (v"); where B, € H.
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It is easy to see that
(6) A(Bai) =Y Bey®Bri, and €(Bs;) = by
t

In this notation (4) has an explicit form for:

> A@)2d(@)1) @ )o = Y (Bl Bs,e)v?

t

for all 2. Thus

(7) wv= Z(vzlvl)vo forallv eV < Z(ﬁt,ilﬁs,t) =6, foralls.
¢

As usual, let p?(v) = (p® Id)p(v) = (Id ® A)p(v), and define p(v) inductively.
In particular we may write:

pm—l(?}im) = Z V™ ®f3¢1,t2 ®"'®:8£m—1,im'
t1,tm—1
Let x and xp denote the characters associated with the usual and B-represen-

tations of kS,, on V®™ respectively. That is x(c) = trace(A,), where A, is the
matrix associated to the action of o with respect to a basis of V™. We show:

THEOREM 2.1: Let (H,(|)) be a cotriangular Hopf algebra over k. Let V be
an n-dimensional right H-comodule with 3 (vq|vy)ve = v for all v € V; then

1. xg(o) = x(0), for all ¢ € Sy, all m.

2. If, moreover, Char k = 0 or Chark > m, then

(V™) and (V™ .p)
are isomorphic kS,,-modules.

Proof: 1. We first prove the claim for ¢ = (1,...,m). Let {v},...,v"} be a
basis for V; then {v* ® --- ® v'm} is a basis for V®™. It is immediate that in
the usual representation of k£S,, such an element is invariant under (1,...,m) if
and ouly if ¢y = -+ = 4,,. Hence the number of such elements is dim V. Thus
x(1,...,m)=dimV.

Next consider the B-representation.
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Since (1,...,m)=(1,2) --(m —2,m — 1)(m — 1,m), we have:

1,...,m)- (" @2 Q- Qv")
=(1,2)(2,3)---(m—1,m) - (v"* @ v’2--- @ v'™)

= (1,2)(2,3) - --(m—2,m—1)-2(vi‘®vi2®---®vé’“®vé’"“)( b ity
=(1,2)(2,3)---(m—3m—2)-2(vi1®vi2---®vé"‘®v(i)""2®v""“‘)

(o o) i ™)
= Y vk ©uf &0 4 0k b0k i)
Qi g o) g o} ).

Let 8;; be as in (5); then the coefficient of (v ® v'2 ®@ - -+ ® v*m) is given by:
Z(ﬁil,tz |Bs )i1><ﬂt27t3 |Biajia) -+ (ﬁtm—Z)tm—l |ﬂim—lyim—2></8tm—15im |5i... im—1)-
t;

Hence

(8) XB(I’ Z Z rBu,hlﬂlzm

’Ll) - y'Lm ti

<13t2,t3 |Bi3,‘i2> T <ﬁtm—2)tm—l Iﬂim-—lyim—2></8t'm.—lyim lﬂim im—-1 >

Now, since v = ) (vq|vi)vo for all v € V, we apply the equivalent form in (7)
to the left-most factor in the sum. We see that t2 = iy if the product is to be
non-zero. Continuing from left to right, we see that ¢; = i;, for all j, and thus
(8) equals Z?;m:‘ll 1 =dimV. We conclude that:

(9) XB(lazv"'1m):X(l)za"'am)'

Now let o € S,,,; then o can be written as a product of disjoint cycles of length

71,...,T¢. S0 0 is conjugate to
T:(1,...,7‘1)(7‘1+1,...,7‘1+7‘2)"'(7‘1+"~+Tt_1+1,"',m).

Since on conjugate elements x and xp have the same value, it is enough to prove
the claim for 7. Foreach ¢ = 1,...,t take 7, = (1,...,7;), V; = V® and y;,
(xB): the appropriate characters on V;. Then x(0) = x(7) = [Ii_, xi(7:) and

x8(0) = [Tizy (xB)i(:). So by (9)

x(o) = xB(o).
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2. If Char k = 0 or char(k} > m, then two finite-dimensional left k£.5,,-modules
are isomorphic if and only if they have the same characters. We are done by (1).
|

As a corollary we have:

COROLLARY 2.2: Let (H,(|)) be a cotriangular Hopf algebra over k. Let V
be an n-dimensional right H-comodule such that Y {(va|lvi)vg = v allv € V. If
Chark = 0 or Chark > n then

/\B(V):/\Z+...+/\1;, where dim/\;z ( 7; ),
all i > 0.

Proof: By Proposition 1.4, for all i, /\’B =fi-pV® and \' = f; - V® for all
i < n. By Theorem 2.1, f; -p V® 2 f; . V® hence dim A} = dimf; - V& =

)

A related symmetric monoidal category arises as follows: Let (H,{ | )) be
cotriangular, and let A € M be quantum commutative. Let W € M¥ so that
W is a left A-module and

(10) pla-w)= Zag “wo ® a w;.

Denote the category of such W by 4 M. The morphisms in the category are left
A-module right H-comodule maps f.

From now on, if there is no danger of ambiguity we shall repress the B in -g.
Mimicking [CW, 2.5] we can show

LEMMA 2.3: Let (H,(]|)), A, W be as above:
1. Define a right action of A on W by:

we—a= Z(aﬂwl)ao - W,

allw € W, a € A. Then this action makes W into an A-A-bimodule.
2. fF M,N € saMH then M ®4 N € saMH where

a-(mQ®an)=a-mOn and p(m®An)=Z(m0®Ano)®m1n1,

forallme M, ne N, a € A.
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3. IfVe MH thenW = A®V is an A-A-bimodule by:

a-(b@uv)=ab®v, (bQv)—a= Z(blvllal)(aobo ® vo)

alla,be A,veV.

4. Let X be an A-A-bimodule and Y a k-vector space; then X @4 AQY is
isomorphic as a left A-module to X @Y where : X ®Y - X @4 AQY is
given by:

rQy—zRa1Qy, allzeX, yeY.

5. Let Vq,...,V,, be right H-comodules; then
:AQ (V1@ Q Vi) = (AR V1) @4 (AR Vo) ®a - D4 (AD Vin)
given by:
AV ®  QUp)— (2R V1) ®4A(1Q V) R4+ ®4 (1QUm)

all v; € V;, a € A, is an isomorphism in 4M".

Proof: (1), (2) and (3) can be proved as in [CW, 2.5], (4) is well known, (5) is
easily checked by induction. |

We prove that 4 M¥ is a symmetric monoidal category.

THEOREM 2.4: Let (H,{ | )) be a cotriangular Hopf algebra, A a quantum-
commutative H-comodule algebra.

1. For W € sMH define
(B,i4+1) (W1 Q4 QAW QWit1 V4 - DA W)

=W @4 -4 Vp(Wit1 ®4w;) B4 4 W

all w; € W. Let ¥ be induced by this action; then (4MH¥ ,®,4,7) is a
symmetric monoidal category.

2. For each x € kS,,, the action of x is a morphism Iin the category.

Proof: 1. Asin [CW, Th. 2.5] the category is symmetric monoidal once we show
that the action of £S,, is well defined. That is, we must show that:

(1,2) - {(v®a (a-w)] = (1,2) - [(v = a) @ w)]
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for all v,w € W, a € A. Well,
(1,2)- [v®a (a-w)]
= Z(a1w1lvl)(ao “wo) ® Vo
= Z(wﬂvl)(alll}z)(ao - wo) ® Vo (using B2).
On the other hand,
(1,2) - [(v < a) @4 w)]
=(1,2)- Y _(a1|v1)(a0 - vo) ®a w
= > {wilervr){az}vz)wo @4 (a0 - v0)
z w1 la1v1){az|v2)(wo < ao) ®a4 vo)

waagvy ){as|v2){a1lw:)(ag - wo) ®4 vo

(
>
Z(w2|a2 (wslv1){as|va){a1|wr)(ao - wo) ®a vo (using B1)
>

wy |v1){a1|ve)(ao - wo) ®4 vo (using B4).

2. We show first that the action of kS, is an A-module map.
Leta€e A, wv,we W, then

a-[(1,2)- (v@®aw)] =a- ) (wilvr)wo ®av0 =D (wi|v1)(a - wo) @4 vo,
while
(1,2) - [(a-v) ®4 w)
= Z(wﬂalm wo ®4 (ag - vo)
= Z(wllal {(wa|v1)wp ®a4 (ao - vo) (using B1)

= Z(wﬂal (walv1)(wo — ap) ®4 vo
= " (walas)(wslvy){ajw1)(ao - wo) ®4 vo
= Z(wllﬂh)(a “wp) ®A Vo (using B4).
We show next that it is an H-comodule map, that is, we show that
((1,2) @ [d)p(v @ w) = p((1,2) - (v ® w)).

Well,
((1,2) @ Id) p(v @ w)

=Y ((1,2) ® Id)(vo ® wo ® v1w1)

=Y (w1|v1)wo ® v @ vaws,
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while

p((1,2) (w@w)) = p(Y_(wilvr)wo ®vo) = Y _(wa|vz)wo & vo ® wvy.

Equality follows by B3.

It remains to show that
p(1,2) - [a- (v @ w)] Z(l 2)QId)-[(a- (v@w))o @ (a- (v w))].

This is easily seen following the same proof as in part (2), using (1) and (10).
|

In the following we show that the B-actions of o € S,,, on the k-tensor AQV®™
and on the A-tensor (A ® V)®4™ (as defined above) are essentially the same.

Precisely:

LEMMA 2.5: Let H, A, V, 6 be as in Lemma 2.3(5), then for each o € S,,, the
following diagram is commutative

Agyom &, 4gyem
ol lo
(AR V)®sm 2, (AgV)®am
where all maps are isomorphisms in the category 4 MY .

Proof: We prove the lemma for ¢ = (1,2); the rest follows similarly. Let
vl,...,v™ eV, a€ A, then:
(1,2)-8(a@v' ® - ®v™)
=(1,2)- (a®1v)®4 (18v*) @4 Q4 (1@ V™))
=(1,2)- (a[(1®2") ®4 (1©v*) @4 - ®4 (1® ™))
a(1,2) (19 v) @4 (1®1*) @4 @4 (1®0™)] (using Theorem 2.4)
“Z 1) (10v3) ®4 (101)) ®4 - @4 (1® V™)
=0(I1d®(1,2))@®u11®v2 8 - @ vp).

Since 6, and o are 4 MH morphisms, so are all the maps in the diagram. [ |

Since (4 M*,® 4, ¥) is a symmetric monoidal category, we can define As(W)
for any W €4 M¥. As a consequence of Theorem 2.4 and Lemma 2.5 we have
for W=AQV:
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COROLLARY 2.6: Let (H,(|)) be a cotriangular Hopf algebra, A a quantum
commutative H-comodule algebra and V € M¥; then:

ANAeV)=4g /\(V),

B B
where the isomorphism is a category morphism.

The following is the key to what follows.

COROLLARY 2.7: Let (H,{|)) be a cotriangular Hopf algebra over k. Let A
be a quantum-commutative H-comodule algebra, and V an n-dimensional H-
comodule so that > (va|vi)vg = v for all v € V. If Chark = 0 or Chark > n
then:

NAGV)=fn-(A8V)® = A-m=m « 4,
B

where m is a basis of N'j(A ® V) as both a left and right A-module and f, is
as defined in Proposition 1.4. Moreover, p(m) = m ® h, where h is a group-like
element of H.

Proof: By Proposition 1.4, AR(A® V) = f, - (4 ® V)®i. However, by
Theorem 2.4, f, - (A® V)®4 2 A® f, - V®" as A-A-bimodules. Moreover,
it follows from Corollary 2.2 that dim A (V) = 1. Hence there exists a nonzero
w € fn - V®™ which is a k-basis for the H-comodule f, - V®* = A3 (V). Since w
generates a 1-dimensional comodule, p(w) = w® h, some h € H.

Obviously, 1 ® w is a basis of A® f, - VO™ as a left A-module, however it is
also a basis of A® f, - V®" as a right A-module. To see this, all we have to show
isthat fora€ A, a- (1Q w) = (1 Q w) — b, some b € A. Well,

a-(1®w)
=Y aoe(ar)e(wr) - (1® wo)
= Z(aﬂwl)(wglag)ao (1 ® wp) (using B4)

= Z(w1|a1)(1 ® wp) « ag;

but p(w) = w ® h, so the above equals

D (hla)(1 @ w) +— ao = (1®w) — (D _(hla1)ao)

as claimed.
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Now let m = (1 ® w); then since @ is a morphism in the category 4 M, we

are done. 1

It is Corollary 2.7 which enables us to construct the determinant function, just
as the exterior algebra does in the classical case.

LEMMA 2.8: Let T € End(A® V) be a morphism in 4M* . Then the diagonal
action of T®" on (A® V)®4 defined by:

T (2104 ®a ) = T(21) ®4 - O T(2n),

where z; € A® V, is a morphism in AMH which commutes with the action of
kS,.

Proof: 1t is straightforward to check that 7®" is a morphism in 4 M. We show
that T®" commutes with the action of kS,. Let us check this for 0 = (1,2).
The rest will follow similarly. Well, T is a comodule map; that is: pT(x) =
Y. T(xo) @z, forallz € AQV. Thusforall z; € AV :

(1,2) - T® (21 @A T2 Ra -+ Qa Tn)

= {(@2)1l(z1)1)T((x2)0) ®4 T((x1)0) @t - B T(n).

This expression equals
TO"(1,2) (21 ®a T2 @4 - - @4 Tn)

by the definition of the action of (1, 2). [ |
As a result we get that A-m = f, - (A® V)®4 is T®stable. In particular,
T®"(m) € A-m; that is TS"(m) = a,m, where a, € A. We define:

Definition 2.9: Let (H,{ | }) be a cotriangular Hopf algebra over k, let A be
a quantum-commutative H-comodule algebra and let V be an n-dimensional
H-comodule so that ¥ (vs|vi)vg = v for all v € V. Assume Chark = 0 or
Char k > n. Let m be a basis of A5(A®V) as a left A-module, let T € End(A®V)
be a morphism in 4 M* and let T®"(m) = a,m, where a,. € A. Define

det(T) = a,.

We prove the main result of this section:
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THEOREM 2.10: Let (H,{|)) be a cotriangular Hopf algebra over k. Let A
be a quantum-commutative right H-comodule algebra, and V an n-dimensional
right H-comodule so that 3 (vz|v1)vo = v, for allv € V. Assume Chark = 0 or
Chark > n. Let S,T € End(A ® V) be morphisms in 4 M. Then

1. det(T) € AH C Z(A).

2. det(T') is independent of the choice of basis of N (A®V) as a left A-module.

3. det(l) =1.

4. det(T o §) = det(T') det(S).

Proof: Note that A% C Z(A). For if a € A and b € A, then

ab="Y (bi[1)boa =Y &(b1)boa = ba.

Since it is easy to see that det(T o §) = det(S)det(T), (4) will follow once we
show (1). Obviously det(Id) = 1, so let us prove (1).

Let m be a basis element of Aj(A ® V); then p(m) = m ® h, where h is
group-like. Now,

Z(det T)o - mQ (detT),
= "(detT)o - mo ® (det T)1m15(m2)
=Y p((det T) - mo)(1® S(ma))
= (p((detT) -m))(1 @ A1)
= (p(T®"(m)))1® A1)
= ((T®" ®1d)p(m))(1® h™1)
= (T®"@Id)(m k) (1 h™")
= (detT) - m®1.

Since A - m is a free A-module, the above implies that
p(detT) =detT® 1.

2. Let m' be another basis of Aj(A ® V); then m' = a - m where a € A.
Since T®" is a left A-module map, T®*(m') = a - T®"(m) = aa, - m. By (1),
a, € Z(A), and hence this equals a,. - m'. That is, T®"(m') = a, - m’. [ |
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2.2 THE TRIANGULAR CASE. In this subsection we briefly outline the dual
situation. Let (H, R) be a triangular Hopf algebra, and let A € HM be a
quantum-commutative H-module algebra. Let W € M such that W is a left
A-module and h - (a-w) = Y (hy-a)(hy-w),alla € A,h € Hand w e W.
The category of such W is known to be equivalent to the category of left A# H-
modules. Denote this category by quxyM. As in the preliminaries, kS,, acts
on V®™ via Up, we denote this action by -, and let xr be the corresponding
character. Moreover, as pointed out in (4), the previous condition > {(v|v1)vo =
v, for all v € V € MH | is replaced in this setting by the condition: u acts on
V € gM as the identity, where u = 5 S(R?)R! as defined and discussed after
Definition 1.1.
We start with the dual form of Theorem 2.1:

THEOREM 2.11: Let (H, R) be a triangular Hopf algebra over k. Let V be an
n-dimensional left H-module so that u acts on V as the identity; then
1. xr(o) = x(0), for all 0 € S,,, all m.
2. If, moreover, Chark = 0 or Chark > n, then (V®™,.) and (V®™, g) are
isomorphic as kS,,-modules, all m.

Proof: First, as in the proof of Theorem 2.1 we show (1) for o = (1,...,m),
and {v1,...,v,} a basis for V.
For each h € H, write: h-v; = 3_7_; Bj:(h)v;; then:

(11) Bii(gh) =>_ Bir(9)Bk;(h) forall g,h € H.

k

Moreover, since u - v = v, for all v,
(12) ﬂij(uh) = Bij(h)a alhe H alll1<ij<n.
Let R; =Y R} ®R?=R=Y R'®R? 1<i<m. Applying (11) yields

(1,-~. )'R(Ui1®”'®vim)
_ZRm I R2 Uim®R11—n~1'vi1®'“®Ri'vim—l
= Zﬁil im ( m—l a 'R%)ﬁiz i (van—l)  Bim im_l(Ri)(Uz‘l ® - ®u,)+y

where y is a linear combination of the elements other than v;, ® --- ® v; , in the
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basis {v; @ vk ® --- @ u|l < 4,k,1 < m}. Thus

XR(l, sy m)
= BiimnRinr BBy (Rh1) - Birn iy (RY)
= Birin(Rp 1Ry R Biry it (RY) (using (11))

=> Biin(u---R}) B i, (R (since u= Y R'R?)
=Y Biyin(Ri_z- R Bin i, (RD) (using  (12)).
Continuing as above, we get
dimV
xr(l,...,m) = Z Bi,. i, (u) =dimV = x(1,---,m). 1
im=1

COROLLARY 2.12: Let (H, R) be a triangular Hopf algebra over k. Let V be an
n-dimensional left H-module such that u acts on V' as the identity. If Chark = 0
or Chark > n then

/\R(V):/\(;+...+/\;, where dim/\;= ( 7; ),
all1 > 0.

Proof: The proof follows as in Corollary 2.2, replacing B with R. |

With the following definitions we have the dual of Lemma 2.3 which was proved
in [CW] for the triangular case. For each W € s4nM, a € A define

We—a= Z(R2 -a)(R - w).

For M,N € agnM,define a-(m®4n) = am®4n and h-(m@an) = > (h1-m)®4
(hg-n),allme M, neN,ac A IfVe gM,let W=A® V. For q,b € A,
define a- (b®4v) =ab®av,and (b®4v) —a= > (R%-a)(R}-b)®a (R} v).
We have:

THEOREM 2.13: Let (H,R) be a triangular Hopf algebra and A a quantum
commutative H-module algebra.
1. For W € gupM define

(5,i41) (11 @4 ®AVi ®Vit1 B4 D4 Um)
=ZU1 @4 ®a Vp(Vit1 ®4vi) 4 ®4Vm
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all v; € W. Let U be induced by this action; then (a4pagM,®4,7¥) is a
symmetric monoidal category.

2. The action of kS,,, induced by the above is a morphism in the category.

Proof: 1. We need to show that the action of kS, is well defined. That is,
we must show that (1,2)- (v®4 (a-w)) = (1,2)- (v « a) @ w), all a € A and
v,w € W. In A#H write ah for a#h; then ha = (h; - a)hy. Well,

(1,2) - [v @4 (a-w)]
= (R*-(a-w)) @4 (R"-v)
=Y (R} a)- (R} - w)) ®a4 (R" - v)
=3 "((*-a)- (R*- w)) ®4 (R'r" -0) (using QT2),

while

(1,2) - [(v < a) ®4 w]
=Y (R*-w)®4 (R (v —a))
=Y (R*-w)®a (R'-[(r? - a) - (r' - 0)]
:Z (R?* - w)®a (Rir -a)-(er1 -v)
= (R*T*-w) ®4 [(R*r?-a) - (T*r - v)] (using QT1)
= [(R*T? w) « (er2 -a)] @4 (T'r! - v)
=Y [(S2R'r?-a) - (S'R*T? - w)] @4 (T'r" - v)
= }:(T ra)- -w) ®a (Tl v) (using QT4).

2. We show first that the action of kS,, is an A-module map. Let a € A and
v,w € W; then

0 [(1,2) (v @aw) = Y (aR?-w) @4 (R ),
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while
(1,2) - [a- (v@aw)]
=Y R*w®sR'(a-v)
=Y R*- w4 (R]-a)(R}-v)
=Y R** - w®, (R a)(r!-v) (using QT1)
=Y (R** - w— (R'-a))®a (r' -v)
=Y (T?R'-a) - (T'R*r* - w) @4 (r' -v)
=Y (ar? w) @4 (r' -v) (using QT4).

The proof of the fact that the action of kS, is an H-module map follows from
QT3. [ |

LEMMA 2.14: Let (H, R) be a triangular Hopf algebra over k and let V € gM.
Let A be a quantum-commutative H-module algebra and let 8 be as in Lemma

2.3(5); then for each o € S, the following diagram is commutative:

Agyem 187, ygyen
el le
(AQV)®am 2 o (AQ V)®am
where all maps are isomorphisms in the category axnM.

Proof: The proof follows from Theorem 2.13 in the same way as Lemma 2.5
follows from Theorem 2.4 1

COROLLARY 2.15: Let (H,R), A,V be as in Lemma 2.14; then /\;Z(A V)
A® /\}{(V) where the isomorphism is a category morphism.

COROLLARY 2.16: Let (H,R), A,V be as above. If Chark = 0 or Chark > n,
then:

/\’;(A®V) = o (ASV)®i=A-m=m— A
where m is a basis of AR(A ® V) as both a left and right A-module and f,

is as defined in Proposition 1.4. Moreover, there exists A € G(H*) so that
h-m = (\hym, for all h € H.
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Proof: As in the proof of Corollary 2.7. By Proposition 1.4, Theorem 2.13 and
the dual form of Corollary 2.2, dim A’z(V) = 1. Hence there exists w € f,, - V&
which is a k-basis for the H-module f,-V®" = AL(V). Thus h-w € kw for each
h € H. That is, h - w = (A, h)w where A € H*. We need to show that 1 ® w is a
right A-basis of A ® f,, - V®™ as well. That is, we must show that for any a € A4,
e - (1®w)=(1®w)—b,somebec A Well,

a(1®w)
=Y (R’'-a)-(1@R'7* w) (by QT4)
=Z(1®r2~w) — (r'-a)
=Y (1@ (\rhw) « (r'-a)
=(1®w) — Y (Ar)r'-a

as claimed. 1

COROLLARY 2.17: Let T € Endgun(A ® V), and let T®™ act diagonally on
(A®V)§". Then T®" is an A#H-module map that commutes with the action
of kS,,.

Proof: It is straightforward that T®" is an A#H-module map; it commutes
with the action of kS, since this action is defined via R (i.e. via the H-action).
[ |

Let m = (1 ® w). By the above remark, A-m = f, - (A® V)®4 is stable
under T®". In particular T°"(m) = a,m, where a, € A.

Definition 2.18: Let (H,R) be a triangular Hopf algebra over k, let A be a
quantum-commutative H-module algebra and let V be an n-dimensional H-
module so that u acts on V as the identity. Assume Chark = 0 or Chark > n.
Let m be a basis of AL (A ® V) as a left A-module, let T € End(A® V) be a
morphism in 4 M# and let T®%(m) = a,m, where a,. € A. Define

det(T) = a,.

THEOREM 2.19: Let (H,R) be a triangular Hopf algebra over k. Let A be
a quantum-commutative H-module algebra, and V an n-dimensional left H-
module so that u acts on V as the identity. Assume Chark = 0 or Chark > n.
Let S,T € Endpgpn(A®V), then:
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1. det(T) € A¥ C Z(A).

2. det(T) is independent of the choice of basis of N5 (A®V') as a left A-module.
3. det(I) = 1.

4. det(SoT) = (det T)(det S).

Proof: All we have to show is (1). The rest is the same as in the proof of
Theorem 2.10. Let h € H; then

(h-det(T)) - m
=Y hy - (det(T)s(hy) - m)
= Z hy - (det(T)(A, s(ha))m) {using Corollary 2.16)
=Y (A s(h2)hy - (T®(m))
= >\ s(he))T®(hy - m)

Z( ,8(h2))(A, h1)T®"(m)
= e(h) det(T)m (since A € G(H™)).

Hence h - det(T) = e(h) det(T") as claimed. |

3. Applications to group gradings

In what follows we give an explicit expression of the determinant for H = kG, G
an abelian group, possibly infinite, with a symmetric bicharacter (| ). Let V be
an H-comodule; then as is well known, V is G-graded. That is: V = dec
where V, = {v € V|p(v) = v ® g}. In particular V; = V<o ¥,

The condition: Y (v;|ve)vo = v on V just means here that:

(13) (glg) =1

for all g in the support of V' (i.e V; # 0). This assumption can be stated in the
language of Lie color algebras [S] as follows: Let G4+ = {g € Gl{glg) = 1} and
Vi=Y ¢eG, Vo> then our assumption is that V = V.

In what follows V will be finite dimensional, so we choose a basis B = {u;}
of V which consists of homogeneous elements. That is, p{u;}) = u; ® g;, some
gi € G. Let A be a quantum-commutative H-comodule algebra; that is, for
a € Ag, b€ Ap,

(14) ab = (h|g)ba
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Form A ® V, which, by (1), is also G-graded: (A® V), =), cq Agh-1 ® Vi. Let
T € End(A ® V) be a morphism in 4M¥; then for each u; in the homogeneous
basis of V:

(15) TQ®w)= Zaij ® u;.
j=1

Moreover, since T is a comodule map, T(1®u;) € (A®V),,, and thus the above
a;; € Agig»'l .
Also note that for z € (AQ V)gand y € (A® V)p,

(16) Up(z®y) = (hlg)(y® ).
Hence as in the usual situation, if 7 € S, and z; € (A® V),
(17) T (21 @ ®Tn) = fr(Tr2(1) @+ O Tp-i ()

where u, € k.
For simplicity of notation, let us write throughout av fora®v € A@ V. All
tensors are now over A. As in Lemma 2.3, forv€ V,,a € Ap and w € V:

(18) v®aw = (v a)®w = (h|g)av ® w.
Recall that

(19) (glh)(glt) = (g|ht).

Hence, for all g € G4, h,t € G:

(20) (gtlgh) = (glh)(tIgh).

Let o = (i1,...1x) be a éycle in S,,. Define

aO‘ = ailizaigig oo aikil'
Since o can be represented as (ig,...,0k,%1) = -+ = (g, 81,...,9k—1), We show
first that a, is well defined. Consider the representation (i;,..., ik, 41,...,%j-1)-

Let = ay;,i;,, " - Qii, and ¥y = a4, 4, - -a4;_, i;; then we claim that zy =
yr = a,. Indeed, let g = gi].gi‘ll; then z € Ay and y € Ag-1. By (14) we have
zy = (g7 tg)yz; but (g~ t|g) = 1 since {g|g) = 1. So zy = yz as claimed. Now,
since a;; € Ag,g-1, it is immediate that a, € A1 = A« H C Z(A).
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If 0 € S, then express ¢ as a product of disjoint cycles ¢ = oy - - - 0, and now
define

ao_:aal...ao

Before we state the main theorem of this section we need a technical lemma.
LEMMA 3.1: Let k be a field of characteristic 0 and let G be an abelian group
with a symmetric bicharacter ( | ). Let V be n-dimensional and G-graded, so
that for all g € support V, {(g|g) = 1. Let A be a G-graded algebra so that

ab = (h|g)ba for all a € Ay, b € Ap. Let B = {u;} be a homogeneous basis of
V; then

(21) g - (ala(l)ua(l) Q- ® ano(n)ua(n)) =0,U1 Q-+ @ Up,
allo € 5,.
Proof: At first we prove that if o = (i1,...,4) and u;; € Vg‘.j, then
(22) (@135 Uiy © QigigUiz @+ ® Qiyi; Uiy )
= <gi:1|gik e ig )0 (Uiy © Uiy © - ® Uiy )
Indeed, by (18) and (19):
(aiﬂ'zuiz ® - ®as,i, uil)
= (gizgi_al|gi2>(gi3gi—41|gisgi2> T <gik—-1 gi_kllgik—l iz """ giz)
(gik!}i—ll|9ik9ik_1 0y ) o (Ui, ® - Q Ui, ® Uy )

= (95 M19:2)(94519i2) (97, 1953832} -+ (95 | Giry + + Gin)
(gik lgik—l o 'gi2><gi_lllgik T gi2>a0(ui2 ®--® ui1) (uSing (20))

Since (g|h){g~!|h) =1 for any g, h € G, this equals
(9 193 -+ 9ia )00 (Ui, @ - @ uy,).
Next we prove that for all I > 0, u;; €V, and z; € Vy,:

(21 Q@ QLI O U, DUy, @ Q Ui, QTipkt1 Q@ ® Tp)
(23) =(I+1,...,0l+k) (2190 - Q1) ® (@i i Ui, ® - ® Qiyi, Uiy)
@ (Tirkt1 @ - @ Ty)-



Vol. 96, 1996 M. COHEN, S. WESTREICH AND S. ZHU 211

Well, since (I +1,...,0+k)=({+1,1+2)---({+k—1,l+k) then, by (22), the
right hand side equals
ao{9; M 9i - 95,) 1+ 1,14+ 2) - (I+ k= 1,1+ k)
Ar1® QT O Uy, @ Uiy, OUy DT iyp41 @ @ Ty)
:ao(gi'lllgik‘..g@-2)(l+1,l+2)---(l+k—2,l+k— 1){g:,19:,)
(Z1® - OT @ Ui, ® Uiy~ QU Ui, @Tipk41 ® -+ O Tp).

Continuing similarly, this equals

ao(9; gis - - 950 (9i 195, - - 955)
(119 Q2 Quy, @ QUi @ Tigk+1 @ ® Tn).

Again, since {g|h){(g~ | h) =1, (23) is proved.

Let 0 = 01 --- 0, be a product of disjoint cycles where o; = (ix,_,41,-- -, k;),
ko=0and 1 < k; <--- < ky—1 < n. Now, (23) enables us to make computations
for a “normalized” form of o:

a':(1,2,...,k1)(k1+1,...,k2)...(k7-_1+1,...,n).

12..n
irig...in
(21) it will be necessary as a first step to replace (a1,(1)Us(1) ® ** - Cno(n)Uo(n))

For, setting 7 = we have 767! = ¢. Now, replacing o by o771 in
g g o by

by L. (alo(l)ug(l) X ana(n)uo(n)). Note that Qig(i)Uo(i) = Li € (A® V)gi and
that £, (;) = @r(i)or(i)Uor(i)> thus by (17) the left hand side of (21) equals

OTlhy—1 (ar(l)ar(l)ua‘r(l) R ar(n)af(n)uaf(n))~
By the definitions of 7 and ¢ and the fact that a,, € Z(A) this equals

OTHhr—1 - (ai1i2ui2 B Qiyizlhiz @ -+ @ Qi ui1)

®-® (aik,._1+l'ék,._1+2u'ik,._l+2 RQ® Qinie, _ 41 uik,_1+1)

=0T,y 0, 07 67067 e - (s, @+ D uy,) (using (23))
= Gy, 00y 00, 0TE T (U ® -+ ® uy) (using (17))

:aa.(ul®...®un)_

This concludes the proof of the lemma. ]
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THEOREM 3.2: Let G be an abelian group with a symmetric bicharacter (| ),
and k a field of characteristic 0. Let V be n-dimensional and G-graded, so that
for all g € support V, (g|g) =1.

Let A be a G-graded algebra so that ab = (h|g)ba for alla € Ay, b € Ap. Let
T € End(A ® V) be a morphism in 4 M*®; then

det T = Z sgn (0)a,.
oES,

Proof: By the definition of det(T) we must find a nonzero element w of VO™
so that f, -w # 0, where f, =} . sgn(o)o, and then compute f, - T8 (w).
First we show that as in the case of ordinary determinants, if z; = z; then
frn-(£1®---®z,) = 0. Without loss of generality we may assume z; = z5. Then

fn(1,2)' (1}1®"-®$n) :fn(91|91>'(1:1®"'®xn) =fn' (x1®"'®xn)-
On the other hand,

fn(1a2)'(x1®"'®xn)=_fn'(x1®"'®xn)'

Thus, f, (21 ®---®x,) = 0. Hence, without loss of generality w = u1 ® - - - Qup,
where {u;} is a homogeneous k-basis for V, is an appropriate element.
Now, since T'(u;) = Y a;ju;, we have:

Fo T (W ® - @un) = Y fa - (i, ), ® Cinjytj, ® -+ @ €4, 5,)-

By the above, the only nonzero summands have all u;, distinct; hence the above
sum equals

Z fn- (alo(l)ua(l) ® A20(2)Uo (2) ®--® ala(n)uo(n))
oESn

= Z fa-(07las (U1 ® - @ un)) (using (21))
CES,

= Zaasgn (@) fr (W1 ® @ Un).

The last equality follows, since by Theorem 2.4(2), f. is a left A-module map.
On the other hand, by definition,

o T ® - Quy) =det(T)fn- (11 @ -- Qup).
By Corollary 2.7 this implies that det(T) = } a,sgn (o), as claimed. ]

Let us compute the determinant in an explicit example.
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Example 3.3: Let A = Cy[z,y] be the quantum plane. That is, A equals the free
algebra C(z,y) modulo the relation zy = ¢~ 'yz, where ¢ is an nth root of 1. Let
G =12,%2Z, ={(1,5)]0 <i,j < n} with the symmetric bicharacter given on
generators by:

((1,0)|(1,0)> = <(0’ 1)|(0’ 1)) =1, ((1,0)'(0, 1)) = q and <(07 1)|(1’0)> = q_l-

Note that (g|g) =1 for all g € G.

Grade A by G by giving z “degree” (1,0) and y “degree” (0,1). In this grading
A is quantum commutative [CW]. Explicitly: 4 = Z(i’j) G Ax'yl, where A; =
Clz™,y"].

Recall that A being G-graded, G finite, is equivalent to A being a (CG)*-
module algebra. Let V = (CG)*, and let {p,} be a basis for V, dual to the
basis {g} of CG. Then V has a natural G-grading: V = 3_ . kpy. Since 4 is
G-graded it follows that A ® V = A ® (CG)* can be made into an algebra, the
algebra A#(CG)*. The multiplication in A#(CG)* is defined explicitly by:

(a#tpg) (b#ph) = abyp—1#ph,

all a,b € A, g,h € G. Right multiplications in A#(CG)* by elements of A are
elements in 4 M%C,

So let T,, denote right multiplication by a € A. We claim that
detTpqy = (2™ +y™)™

Let B = {pq,;)} be the basis {u;} of V = (CG)* used in proof of Theorem
3.2. It is a G-homogeneous basis for V, with p(; ;) € V; ;) and Alpg ) =
Zk,l P(i—k,j—1) ® P(k,1)- Since T € A1 0) and y € A(o,1) we have:

Tory(PGi,5) = Pa,j) (T +Y) = Tpgi-1,5) + YPG,j-1)-

Thus in the notation of Theorem 3.2 we have:
Oi,j),(i~i) = & a0 a5 6,1 =y while ag gy, =0

for all other k,l. Let S,2 = permutation group on {(4,5) |0 < i,5 < n}; then for
0 € S,z given by: (i,7) — (i — 1,5) we get a, = 2™, as all the a(i,5),0(i,5) equal
x. For all other o € Sz, either a;, = 0 or a, is a polynomial in = and y with
total degree of  less than n2. That is:

(24) det Toqy = S yP(z,y) and deg, P(z,y) <n®—1.
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On the other hand, since zy = ¢~ lyz and ¢" = 1, we have (z + )" = z" + ¥y
and so (det Typ4y)" = det Tigqyyn = det Teniyn. But 2™ +y™ is a central element
in A#(CQ)*, hence det Tgnyyny = (2" + y™)™". We have:

(25) (det Touy)" = (2™ + y™)™.

Since det Ty1, € Af = C[z",y"], a commutative domain, and since the ideal
generated in it by =™ + y" is a prime ideal, (25) implies that det Tpy, =
afz™ + y™)". Comparing this to (24) we deduce that o = 1, and we are done.

As pointed out by the referee, this determinant is the one to be expected using
standard results. For, if F is the field of fractions of Clz™,y"] and R = AF
is the ring of fractions of A, then R is a central simple algebra of dimension n?
over F'. The determinant obtained above is actually the determinant obtained by
considering R C Endp(R) via right multiplication of R on itself. This is usually
called the “reduced norm” [Ro2, pp. 174-175].

4. Integrality of A/AF
In this section we apply results from previous sections to questions about inte-

grality of A over AH. We start by recalling some definitions and known results.

Definition 4.1: Integrality:

1. Let R C S, where R is central in S; then S is integral over R ifeach z € S
satisfies a monic polynomial over R.

2. Definition (1) was generalized by Schelter for non-commutative rings
RcCS:
S is Schelter integral over R if every x € S satisfies an equation of the
form

"+ Zpi(x) =0,
where the p;(z) are R monomials in z of degree deg,p; < n. That is,

in each p; the coefficients, which are elements of R, are allowed to be

interspersed among the occurring z’s.

THEOREM 4.2 ([BV]): Let R C S C B be PI rings such that B is Schelter
integral over S and S is Schelter integral over R. Then B is Schelter integral
over R.
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It is well known that if a finite group, G, acts on a commutative algebra A,
then A is integral over A ¢. Noether’s theorem moreover assures that if A is
k-affine then so is AY. These were generalized to:

THEOREM 4.3 ([DG, F-S]): Let H be a finite-dimensional, cocommutative Hopf
algebra and let A be a commutative H-module algebra. Then

1. A/AH is integral.
2. If A is k-affine then AH is k-affine.
In the sequel we also use the following form of the Artin—Tate Lemma:

THEOREM 4.4 ([MR, p. 481]): Let A C B C C be rings such that
1. A, B are central subrings of C.
2. C is an affine A-algebra.
3. C is a finitely generated B-module.
4. A is Noetherian.
Then B is an affine A-algebra.

In what follows we shall generalize Theorem 4.3, replacing cocommutativity
of H by triangularity and commutativity of A by quantum commutativity. We
assume that H is finite-dimensional, hence triangularity or cotriangularity are
completely dual notions. We choose throughout this section to discuss triangular
(H, R). We apply results of previous sections to the H-modules V = H (acting
on itself by left multiplication) or to V = A, in order to prove integrality of A
over A and related properties. First, we wish to find a convenient basis for

Ag(H). We start with some basic lemmas.

LEMMA 4.5: Let (H,R) be a quasitriangular Hopf algebra; then R can be
written as follows:

R=> he®ga+1®1
a€cl

where {h.} and {ga} are linearly independent subsets of Kere
Proof: Since K = Kere has codimension 1, we may choose a basis for H of the
form
{1, holho € K, o € some index set I}.
Write R=1Qh+)__ ha ® ga, some g, € H. Applying 1 = (¢ @ Id)(R) = &(1)h,

we see that h = 1; applying 1 = (Id ® €)(R), we see that > hae(go) = 0, and so
allgoe K. W
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LEMMA 4.6: Let (H, R), be a quasitriangular Hopf algebra and assume u = 1.
Then there exist x; € Kere so that f, - (1®2z2® -+ ® z,) # 0 (and hence forms
a k-basis for the 1-dimensional H-module N5 (H)).

Proof: Let K = Kere. Now, dimK =n —1, and K is an H-module, since it is
an ideal of H. Since u = 1, we may apply Corollary 2.12 to the space V = K to
see that f,_1- K ®(n-1) ig a 1-dimensional H-module. Moreover, since the action
of S, is induced by ¥, which is determined by multiplication by the Rf, we have
fn-1 - K®~1 c K®"~1, Let x; € K, so that

o1 (22 ®---®@x,) #£0.
Embed S5,,_1 C S, by:
Sat = {0 € Salo(1) = 1,

then

(26) fa=far+ Z sgn (0)o.
o(1)#1

We show that f, - (1® 22 ® -+- ® z,) # 0, which by Corollary 2.12 is a k-basis
for AR(H), and we will be done.
Consider the representation of R as in Lemma 4.5; then for any y € K:

(1,2)-(1®y):Zgay®ha+y®1.
Similarly, if all y; € K, we have
(,i+1) (1NQ  Q1QYt1®  ®U) =2+ {H® QY1 01Q - Qyn),
where z; € K®™. Thus, if c € S,, and y; € K:
27) 0 (11Q - QlBY+1Q  QYn) =2+ (W1 @ - OLQ - ® wy),
where 2, € K®", w; € K and 1 is in the o(¢)-th position. Thus, by (26) and (27)

fa(l@za@ - ®zy)
=fac1 (1Q@T2® - ®zn) +y
:1®fn—l'(:r2®"'®$n)+y

where y = (1), Sgn ()e(1Qz2® - Qxn).
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Note that y € K®" + KQ1® - - K+ -+ K ® ---® K ® 1. Since
1Q foo1-{22®--- ®z,) and y belong to different components of a direct sum,
and since fo_1- (22 ® --- ® x,) # 0, we deduce that

fn(1®22® - ®x,) #0. B

We are ready to prove the main theorem of this paper. Some of the ideas are
adaptations of the methods of [F-S] to this more complex situation.

THEOREM 4.7: Let (H,R) be a triangular n-dimensional semisimple Hopf
algebra over k of Chark = 0 or Chark > n. Let A be a quantum-commutative
H-module algebra; then:

1. A is integral over AT,

2. A is a PI ring.

3. Ifu=1 then A is integral over A" of degree n.

Proof: We first prove (3). Let A be an indeterminant and denote A[A] by E.
Extend the H-action to E by defining h- A = e(h)A, all h € H. Then F is a
quantum-commutative H-module algebra with EH¥ = AH[)].

Let 1y ®z2®---Q1x, be as in Lemma 4.6; then by Corollary 2.16,0 # 1g® f, -
(lH ® 22 ® -+ ® z,) is an E-basis for E ® AR(H). Let m =
01l ® frn- lg® 12 ® --- ® x,)); then f, - (E#H)®* = E-m = m « E.
Also note that f,, - (A#H)®4 C A-m. Now let T € Endpygn(E#H); then by
the definition of the determinant and Theorem 2.19, T®"(m) = (det T')m, where
det T € A¥[)]. In particular, let a € A and let

T: E#H — E#H

be right multiplication by A —a. Then T' € Endpgn(E#H), and A pulls through
to the left.

Viewing H C E#H as usual, we have:

T®0(lg®@lE QT2 ® - ® Ty,)
=T®" (1Qp 22 ®F - - - OF Tn)
=(A-a)Qe22(A—a) Qg - ®p zn(A—a)
€ (A —a)(E#H)®5,
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By Corollary 2.17, T®" commutes with the actions of E#H and f,, thus by the
above:
T%"(m)

=T (fn 0(le®1lH® T © - @ Tp)

€ A—a)fn  (E#H)®E = (A - a)E - m.
However T®"(m) = det(T)-m. Thus det(T') € (A—a)E, and hence det(T)(a) = 0.
Since det(T) € AT[)], we have shown that a satisfies a polynomial over AH.
Finally, since A pulls to the left we have:

(detT) -m =(A—a)fn-[1®p (Az3 — 22a) ®p - - - QF (Azp, — z0)]
:)‘nfn'(1®Ex2®E"'®Exn)+f71'Z

where Z € A" Y A#H)®E + A\ 2(A#H)®E + ... + (A#H)®E. Hence f,, - Z €
A 1Am + A" 2Am + .- -+ Am and so det T is a monic polynomial of degree n.
This proves (3).

1. and 2. We reduce to (3) by considering H = H/(u — 1)H and then pulling
back by applying known results about group gradings or actions. Specifically,
(u — 1)H is a two-sided ideal since u is central, moreover it is a coideal of H
as well, since u is group-like. Thus (H,R) is a triangular, semisimple Hopf
algebra with @ = 1. Since H is semisimple, u?> = 1. Let G = (1, u); then G acts
by automorphisms on A or equivalently A is Z; graded where A = A, § A_,
Ay =A°={ac Alu-a=a}and A_ = {a € Aju-a = —a}. Since (u—1)-A; =
0, H actson A,. Since A is quantum commutative with respect to (H, R), A,
is quantum commutative with respect to (H,R). Moreover, it is obvious that
Al = AH. Applying (3) to H and Ay we deduce that A is integral over A
of bounded degree n. Thus by [Rol, p. 9] A, is a PI ring. But now, by [BC] or
[M] this implies that A is a PIring. Also, A is trivially Schelter integral over A4
since |G| = 2. Applying now Theorem 4.2 to the extensions: A C A, C A, we
deduce that A is Schelter integral over A¥. Since A is central in A, we deduce
that A is integral over Af. |

When A is assumed to be affine over k, more can be said; this is the general-

ization of Noether’s theorem:

THEOREM 4.8: Let (H, R) be a finite-dimensional semisimple triangular Hopf
algebra over k of Chark = 0. Let A be a k-affine, quantum-commutative H-
module algebra; then:
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1. A¥ is k-affine (hence Noetherian).
2. A is a finitely generated left and right A¥-module.
3. A is a left and right Noetherian PI ring.

Proof: 1. and 2. are proved as follows: By Theorem 4.7, A is a PI ring
which is integral over the central subalgebra A”. Since A is k-affine we deduce
[MR, p. 476] that A is a finitely generated A¥-module. By Artin-Tate’s lemma
(Theorem 4.4) applied to ¥ C A” C A we conclude that A is k-affine.

3. By (1), A¥ is a commutative k-affine algebra hence A is a Noetherian
ring. Since A is a finitely generated left and right A”-module it follows that A
is a left and right Noetherian ring. It is PI by Theorem 4.7. |

Remark 4.9: The condition on semisimplicity of H is necessary as shown in an
example in [Z]. In this example, let (H, R) be Sweedler’s 4-dimensional triangular
Hopf algebra over C (which is not semisimple}, and let A = Sg(H). Then Ais a
C-affine quantum-commutative H-module algebra, but A¥ is not C-affine.

We ask:

QUESTION 4.10: Is Theorem 4.7 still true omitting any characteristic
assumption?

There is already a “Noether’s theorem” for Hopf algebra actions in the literature.

THEOREM 4.11 ([M2, Th. 4.3.7]): Let A be a left Noetherian ring which is an
affine k-algebra. Let H be finite-dimensional, and assume that A is an H-module
algebra such that the trace t: A — AH js surjective. Then A¥ is k-affine.

This result assumes that A is Noetherian, which is automatic by the Hilbert
basis theorem when A is commutative. Following the referee’s suggestion we ask
for a kind of “quantum Hilbert basis theorem”; that is:

QUESTION 4.12: When is an affine quantum-commutative H-module algebra
necessarily Noetherian?

Note that Theorem 4.8 offers an instance in which this question has a positive
solution.

We summarize in the following some properties of the prime spectrums of A
and A which are a direct consequence of Theorem 4.7 and [MR, p. 478].

COROLLARY 4.13: Let (H, R), A, k be as in Theorem 4.7; then:
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1. (Lying over) Ifp € SpecA¥ then there exists P € SpecA so that PNAY = p.
There exist only a finite number of P € SpecA such that PN A" = p
[BV, 2.8].

2. (Going up) If p,q € SpecAH, with p C q and P € SpecA with PN AH = p,
then there exists Q € SpecA so that P C Q and Q N A% =p.

3. (Incomparability) If P,Q € SpecA with P G Q, then PN AY C Qn AH.

Moreover, by [MR, p. 484] and the above,

COROLLARY 4.14: If(H, R), k, A are as in Theorem 4.7 and assume A is k-affine,
then:

1. J(A), the Jacobson radical of A, is nilpotent ([B] and Corollary 4.13).

2. Every irreducible left (right) A-module is finite-dimensional.

3. A is a Jacobson ring.

4. A satisfies the Nullstellensatz.

Note that for group algebras or their duals most of the applications are known.
For G a finite group, if G acts on A and |G|™! € A, then by [Qu], A is always
Schelter-integral over A®. Moreover, by [K], if A® is PI then so is A. If A is
graded by G, then A is always Schelter-integral over Ai, a result of Bergman
[Pa]. Moreover, as mentioned already in the proof of Theorem 4.7, if A; is PI
then so is A [BC]. In either case, if AG (respectively A,) is central in A, then A
is a PI ring integral over A® (respectively A;).
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